Abstract: Possible ways of generalization of the superembedding approach for the supersurfaces with the number of Grassmann directions being less than the half of that for the target superspace are considered on example of Type II superstrings. Focus is on n = (1, 1) superworldsheet embedded into D = 10 Type II superspace that is of the interest for establishing a relation with the NSR string.
Introduction
The interpretation of superbranes as solitons of supergravity/super-Yang-Mills theories for the first time suggested by J. Hughes et.al. [1] (for reviews see [2] ) allows to connect partial breaking of target space supersymmetries caused by these solitonic configurations with κ−symmetry inhereit to the brane worldvolume actions. In particular, for conventional superbranes that leave unbroken half of the target space supersymmetries κ−symmetry has the same number of independent parameters. In the proper gauge the action of κ−symmetry transformations for one half of the target space Grassmann coordinates η coincides with that of supersymmetry transformations. It is these coordinates that are associated with the unbroken part of target space supersymmetries and they can be identified with Grassmann coordinates on the superworldvolume. The other components of the target space Grassmann coordinates θ ′ constitute Goldstone fermions associated with the broken supersymmetries.
The worldvolume nature of κ−symmetry was revealed later by D.V. Volkov and collaborators [3] - [5] . (It should be noted, that the early attempts to combine the worldsheet and target-space supersymmetries for particles and strings were made in the middle of 80's [6] . However, suggested method was too general to describe conventional models.) This inspired the investigation of worldvolume superfield formulations of superbranes [7] - [30] , where κ−symmetry is replaced by the more fundamental worldvolume superdiffeomorphism symmetry. These worldvolume superfield actions upon integration over the worldvolume Grassmann variables and the elimination of auxiliary fields by means of the equations of motion have to reduce to the Green-Schwarz-type actions, where κ−symmetry appears as a remnant of the local worldvolume superdiffeomorphism symmetry. Further gauge fixing of the local symmetries for these Green-Schwarz-type actions yields the theory with equal numbers of the worldvolume bosons and fermions. So the role of κ−symmetry is to assemble local symmetries gauge fixed bosonic and fermionic degrees of freedom of the brane into the worldvolume supermultiplets. This is well known bose-fermi matching. Taken as the key principle for constructing superbranes it allows to define possible values for p and D (dimension of the target superspace), or, the brane scan. However, it turns out that for some types of branes like Type II superstrings in D = 4, 6, 10 [25] , [31] , D = 11 supermembrane [31] , M 5−brane [32] the construction of the worldvolume superfield actions with κ−symmetry being entirely replaced by the worldvolume superdiffeomorphisms encounters significant difficulties just in the point of the relation to the corresponding Green-Schwarztype actions since the present in the doubly supersymmetric formulations auxiliary fields become dynamical.
The systematical study of doubly supersymmetric brane formulations is achieved in the framework of the superembedding approach (for review see [33] ). This is the supersymmetric generalization of the theory of surface embeddings [34] and deals with a brane superworldvolume embedded into a target superspace. Initially the idea of the consideration of bosonic strings as surfaces embedded into the target space was put forward in [35] (see also [36] ). The relation with the gauge theories on the worldvolume was studied in [37] . The first indications of the efficiency of embedding approach in the supersymmetric theories of particles and strings were discovered in [3] - [5] . There was also introduced the concept of geometrodynamical equation as the basic ingredient of superembedding approach. Detailed analysis of the case when the number of the superworldvolume Grassmann directions n wv equals half the number of the target superspace Grassmann coordinates n ts was performed in [31] .
In supersymmetric theory of embeddings there appears the interesting phenomenon that has no analogs in the classical bosonic theory, namely, for certain branes geometrodynamical equation contains superbrane equations of motion. This leads to the new class of on-shell embeddings. It is precisely for the branes of this class one faces the described above obstacles when trying to construct worldvolume superfield models. (It is possible, however, to construct worldvolume superfield actions for the gauge fixed physical degrees of freedom in the framework of the method of nonlinear realizations. This technique is also applicable for the off-shell superbranes (see [38] and references therein).) On the other hand, for on-shell embeddings the basic superembedding equation encompasses full information about the superbrane dynamics. If the superembedding is off-shell then the superbrane equations of motion should be imposed additionally. The situation is similar to that in the bosonic theory [34] - [37] . Then one is able to construct the doubly supersymmetric superfield actions for corresponding superbranes. This scheme was realized for various superparticle models [4] - [13] , null-superstrings [14] , heterotic superstrings [15] - [24] , D = 3 Type II superstring [25] (see also [26] ), D = 4 N = 1 supermembrane [27] , [28] and the space-filling branes in D = 3, 4 [29] , [30] .
The characteristic feature of the superembeddings considered so far is that the number of the superworldvolume Grassmann directions n wv equals to the half of the number of target superspace Grassmann directions n ts . This situation corresponds to the most complete description of superbranes, where κ−symmetry of component formulations is entirely replaced by the local worldvolume supersymmetry. However, it is possible to contemplate more general situation with n wv < n ts /2 (the case n wv > n ts /2 seems to be too restrictive although there exist superparticle models [39] with more than n ts /2 κ−symmetries) in an attempt to extend the class of off-shell superembeddings for which exist worldvolume superfield formulations. Considered in the literature worldvolume superfield actions for particles and strings with n wv < n ts /2 [3]- [5] , [15] , [16] , [18] , [19] , [20] , [26] , [41] , for which κ−symmetries that were not realized as worldvolume superdiffeomorphisms appear as the local symmetries on the superfield level, suggest that such embeddings can still describe breaking of the half of target space supersymmetries, however, there can also exist configurations that break larger fraction of supersymmetry. It therefore seems to be instructive to study such embeddings with n wv < n ts /2 in the framework of the superembedding approach. In the present paper we consider D = 10 Type II superstrings as the representatives of on-shell (when n wv = n ts /2) superembeddings. We concentrate on n = (1, 1) superworldsheet embedded into the flat D = 10 Type II target superspace that is of the most interest for establishing the relation with the NSR string [3] - [5] , [40] - [43] invariant under the local n = (1, 1) worldsheet supersymmetry.
Basic equations
The necessary ingredients of our construction are vector and spinor Lorentz harmonic variables [44] - [53] 
). For the D = 10 target superspace these are 10 × 10 and 16 × 16 orthonormal matrices respectively. Spinor harmonics also should satisfy certain harmonicity conditions that reduce the number of independent degrees of freedom of the spinor harmonics to the dimension of SO(1, 9) Lorentz group equal to 45. In the presence of the superstring SO(1, 9) R group acting on the index in brackets of harmonics is broken down to SO(1, 1) × SO (8) , thus the Lorentz harmonics adapted for the description of superstrings acquire the form
in the light-like notations for SO(1, 1) that is identified with the worldsheet structure group. Indices i, q,q corespond to v, c, s representations of SO (8) . Lorentz harmonics (2.1) parametrize the coset-space SO(1, 9)/SO(1, 1) × SO (8) . Lorentz connection 1-form looks like
In this set up D = 10 Type II target-superspace coordinates (X m , Θ 1µ , Θ 2 µ ) (IIA) or (X m , Θ 1µ , Θ 2µ ) (IIB) can be splitted as follows
for the type IIA superspace and
for the type IIB superspace. Basic 1-forms of the Type IIA target superspace then acquire the form
where
In (2.8)-(2.12) we introduced covariant differentials ∇ defined as 
14)
The definitions of fermionic 1-forms π 1,2(α) coincide with (2.11).
The integrability conditions for 1-forms Π m and dΘ are (2.18) that can be considered as Maurer-Cartan equations for the supertranslations in the flat superspace [54] . In the new string basis defined by (2.3), (2.4) they transform into 
The worldsheet superspace is locally parametrized by the coordinates z M = (ξ m , η µq ). ξ m is the 2d vector and η µq is the 2d Majorana spinor containing two components with opposite chiralities, index q = 1, ..., n labels extended worldsheet supersymmetries. The 2d superspaces of that kind are referred to as (n, n) superspaces. For the D = 10 Type II target superspace n can take values from 1 to 8. n = (8, The first choice is adapted for the description of superworldsheet embedding into the Type IIA target superspace, the second choice is adapted for the Type IIB target superspace. The motivation for this is the structure of irreducible κ−symmetry transformations of the corresponding component formulations [51] . In the string basis for the target superspace coordinates (2.3), (2.4) bosonic embedding equations have the well known form
They state that it is always possible by means of proper rotations to equate two bosonic components of the target space supervielbein to the bosonic components of the worldsheet superzweinbein, the rest of the target space supervielbein bosonic components being orthogonal to the string. What concerns the fermionic embedding equations there exist two different cases. If n = 8 one is able to choose 2.25) in the Type IIA case and π 2.26) in the Type IIB case. When n < 8 we are able to introduce additional bosonic SO(8) spinors λ a q (z M ), λȧq (z M ) in order to adjust covariantly Grassmann components of the target space supervielbein to the Grassmann components of the superzweinbein. For establishing a relation between the NSR string and the Type II GS superstring models the embedding of the n = (1, 1) worldsheet superspace is of the primary importance. In this case we have
for the Type IIA target superspace and
in the Type IIB target superspace. Target superspace fermionic 1-forms entering (2.27), (2.28) have the following general decompositions over the basis of n = (1, 1) superzweinbeins
in the Type IIA case, (2.29) and
in the Type IIB case.
Other target superspace fermionic 1-forms decompositions read
for the Type IIA target superspace and 
and from (2.28) ψ
Further analysis of embedding lies in the investigation of integrability conditions for the basic superembedding equations in each case together with Maurer-Cartan equations
In the case of embedding of strings these equations split as follows
Equations (2.41)-(2.43) are known as Gauss, Codazzi and Ricci equations correspondingly.
In the next section we will examine the embedding of n = (8, 8) worldsheet superspace into the D = 10 Type IIA target superspace. This problem was considered before [31] , we, however, turn to it again both for the completeness of presentation and for the comparison with the n = (1, 1) superworldsheet embedding (Section 4). In Sections 5 and 6 we address the same problems for the target superspace of the Type IIB.
Embedding of the
This case is described by superembedding equations (2.24), (2.25). We begin with deriving their integrability conditions. Consider first the differentials of bosonic embedding equations (2.24)
Splitting (2.19) into the tangent and orthogonal to the worldsheet parts one deduces in general case that
3)
Torsion 2-forms for the worldsheet superspace under consideration are defined as
where ω (0) and ω qp are intrinsic connection 1-forms. Substituting equations (3.2)-(3.6) back into (3.1) and taking into account (2.24) one finds
−
It is possible to identify induced and intrinsic SO(1, 1) connections by setting
(Another possible way of consideration is to impose supergravity constraints on the intrinsic torsion 2-form and to introduce modified connections
As was shown in [31] in case of strings Ω(D) = 0, so induced and intrinsic connections coincide.) Thus, +2 and −2 torsion components acquire the form
Application of differential operation to the fermionic embedding equations (2.25) and the utilization of (3.6) together with (2.21)
We are able to identify induced and intrinsic SO(8) connection 1-forms
to obtain in this way
Then we should explore the integrability conditions for those target space supervielbein fermionic components that were not identified with the superzweinbein fermionic components, i.e. for π
q . On one hand, we have from (2.21)
but on the other hand, using the decompositions of π 1− q and π
2+
q over the superworldsheet basis π
we derive
(3.22) So, we have found all the integrability conditions for the embedding under consideration and turn now to their analysis. Consider, first, equation (3.9) . Its spinor-spinor components read
To analyse equations (3.23) it is necessary to decompose h
(3.24) Substituting (3.24) back into (3.23) after some manipulations with SO(8) σ−matrices one obtains h
Then using Bianchi identities for the induced supertorsion it is possible to show that
Other components of (3.9) define the second fundamental form through the embedding functions
Nonzero induced torsion components that remain upon utilization of (3.25), (3.26) are 
We are in a position to consider the consequences of the integrability conditions (3.21), (3.22) . From (3.22) after taking into account (3.25)-(3.35) we deduce
From the integrability conditions for π 1− q (3.21) there follow the relations 
Explicit expressions for the original target superspace supervielbeins follow from (2.5)-(2.7)
Let us show that the considered embedding is on-shell. The Type IIA superstring equations of motion in the twistor-like Lorentz harmonic formulation read
(3.50) Upon utilization of (2.2), (2.6), (2.7) these equations can be written in terms of the second fundamental form and functions ψ
When deriving bosonic equation (3.52) we have taken into account that the tangent to the worldsheet part of (3.50) does not contain independent equations due to the reparametrization symmetry. Superstring equations of motion in the form (3.51), (3.52) permit natural worldsheet superfield generalization. Then noting that from the fermionic embedding equations (2.25) it follows that ψ
±2q (z M ) = 0 we find that (3.52) acquires the form
It is nothing but the minimal embedding condition known from the bosonic theory. On the other hand, (3.53) is satisfied by equations (3.37) that stem from the integrability conditions for superembedding equations.
Embedding of the n = (1, 1) superworldsheet into D = 10 N = 2A target superpsace
Following the guidelines of the previous Section first we have to derive intergrability conditions for the basic superembedding equations (2.24), (2.27). Applying external differential to (2.24), and using (3.2)-(3.4), and the definition of the supertorsion 2-forms for the n = (1, 1) worldsheet superspace
1)
−Ω (0) e −2 − 2iπ Like in Section 2 we identify SO(1, 1) induced and intrinsic connections
and thus obtain the expressions for the ±2 components of the induced supertorsion
Differentiating of (2.27) and using (2.27), (4.6) yields
8) 
(4.14) Note, that the multiplication of (4.11) by λ 1 q and of (4.12) by λ 2 q produces Eqs.(4.8), (4.9) for the induced supertorsion + and − components provided the integrability conditions for (2.36), (2.37) are used.
In analogy with the D = 3N = 2 target superspace case [25] it is quite plausible that the considered embedding is off-shell, however, rigorous proof is necessary.
The expressions for the induced worldsheet supertorsion (4.7)-(4.9) do not yield 2d n = (1, 1) supergravity constraints in contrast with the n = (8, 8) case, so let us contemplate the consequences of their imposition. Conventional 2d n = (1, 1) supergravity constraints have the form [55] 
Analogously Eq.(4.12) yields that
Finally equations
emanate from (4.13) and (4.14). Spinor-vector and vector-vector component equations of (4.11)-(4.14) are the consequences of the adduced ones. Then the scalar superfield S that enters expressions for the induced supertorsion can be presented as
It is possible to consider the case when the auxiliary spinor superfields λ In view of (4.35), (4.39) we observe that the superstring equations of motion are satisfied, so the "minimal" embedding is on-shell. The only nonzero superfields within the "minimal" superembedding scheme are the chiral ones λ 
In the end of the Section let us show how the relation between κ−symmetry gauge fixed physical variables of the NSR string and the Type IIA superstring arises. e + , e − Components of the 1-form (2.10) read
43) The NSR string Grassmann variables ψ m ± are the leading components of the worldsheet superfields Ψ m ± = i∇ ± X m . In the superspace coordinate basis described in the Introduction we have for the transverse variables
Substituting this expression back into (4.42), (4.43) and using (4.18), (4.34) we derive
which leading components as just the relations between the physical variables of the NSR string and the Type IIA superstring, as was argued in [43] .
Embedding of the
In the case under consideration basic equations governing the superembedding are
2)
The worldsheet superzweinbein definition e A = (e ±2 , e + q , e − q ) (2.23) differs from that adapted for the Type IIA case (2.22), its group structure is defined by irreducible κ−symmetry transformations, as was noted in the Introduction.
The procedure of derivation of the integrability conditions for Eqs. (5.1), (5.2) is carried out among the lines of Section 3, so omitting intermediate formulae, we adduce the results. From (5.1) there follow the expressions for ±2 components of the induced supertorsion 2-form
and the equation
From (5.2) one derives the expressions for +q, −q induced supertorsion components
In (5.3) we have used the definition (3.5) of the ±2 components of the worldsheet supertorsion. Similarly to (3.6) we have defined +q, −q worldsheet supertorsion components as
Besides that, like in Section 3, we have identified the induced and intrinsic connections
Target superspace fermionic 1-forms π 1− q and π 2+ q that have not been identified with the superzweinbein can be expanded over the worldsheet basis as
The integrability conditions for these equations read 
11) The analysis of the derived integrability conditions we begin with the spinor-spinor components of Eq.(5.4) since they are purely algebraic equations 
Plugging (5.13), (5.14) back into (5.12) and performing straightforward manipulations with σ−matrices yields that
The nonzero superfield χ(z M ) will be shown below to be the constant and related to the parameter of the global SO(2) rotations of target superspace Grassmann coordinates Θ 1,2µ . As is well known such rotations are the symmetry of the embedding equations rather than the Type IIB GS superstring action. Recently it was established that χ is related to the on-shell value of the field strength of 2d gauge field living on the D1−brane, so that superembedding under consideration describes on equal footing both the Type IIB superstring and the D1−brane [56] . The other components of Eq. (5.4) read Similarly one infers from (5.5) that So, in the central basis for the target superspace coordinates one has
Analogously to the Type IIA case we obtain the supersymmetric generalization of the Type IIB superstring equations of motion, that expressed in terms of the second fundamental form and ψ−superfields read pieces of the target space basic fermionic 1-forms (2.11) with the superworldsheet zweinbein fermionic components e + q , e − q (5.2). The motivation for this choice was the structure of the corresponding irreducible κ−symmetry transformations of the component formulation [51] . To describe the superembedding of the n = (1, 1) worldsheet superspace one needs to project π 1+ q and π 
that emanates from Π i = 0. Like everywhere through this paper we have indentified induced and intrinsic SO(1, 1) connections
when deriving (6.2). The expressions for the ± components of the induced supertorsion originate as the integrability conditions for (6.1) q by λ 2 q produces equations (6.5), (6.6). In analogy with the D = 3N = 2 target superspace case [25] we conjecture that the considered embedding is off-shell.
Let us analyse the consequences of the imposition of 2d supergravity constraints (4.15)-(4.17) as we have done for Type IIA case (Section 3). The substitution of (4.15)- (4.17) into the l.h.s. of (6.2) and (6.5), (6.6) yields the following restrictions on the superfield coefficients of (2.29), (2.31), (2.34), (2.35) 
(6.12)
and contains the algebraic equation
Finally there remains to contemplate the integrability conditions (6.7), (6.8) . From (6.7) we find the spinor-spinor components Spinor-vector and vector-vector component equations of (6.7), (6.8) are the consequences of Eqs.(6.15)-(6.18). As in Section 4 one is able to consider the "minimal" case when λ 1 q and λ 2 q are identified with χ 1 q and χ 2 q respectively λ 19) so that λ It is possible to show that "minimal" embedding is on-shell in the same way as was done in Section 4.
We observe that there remain four nonzero superfields: two bosonic λ 1 q (z M ) and λ 2 q (z M ) and two fermionic ψ which leading components are precisely the relations obtained in [43] in the framework of the twistor-like Lorentz harmonic description of Type II superstrings.
Conclusion
We have considered possible mechanisms of generalization of the superembedding approach technique to the case when the number of the worldvolume Grassmann directions is less than n ts /2, n ts being the number of the target superspace supersymmetries, on example of n = (1, 1) string superworldsheet embedded into D = 10 Type II superspace. Unlike the on-shell n = (8, 8) superworldsheet embedding, the n = (1, 1) superworldsheet embedding is presumably off-shell. This is the fact for D = 3 N = 2 target superspace, where corresponding worldsheet superfield action is well known [25] , for D = 10 target superspace it requires additional study. We formulated basic equations governing the superembedding and derived their integrability conditions. The consequences of the 2d n = (1, 1) supergravity constraints imposition on the worldsheet induced supertorsion were considered. There was also proposed the "minimal" superembedding scheme for which auxiliary spinor superfields are taken from the decomposition coefficients of the target space superforms over the superworldsheet. The imposition of the worldsheet supergravity constraints puts the "minimal' embedding on the mass shell. We have shown how the covariant relation between the physical variables of the NSR string and Type II superstrings originates in the framework of the "minimal" superembedding. Extension of the proposed mechanisms of superembedding for diverse numbers of worldsheet supersymmetries, as well as, for other branes can be the subject for future research. Another domain for exploration is a classification of such embeddings with n wv < n ts /2 according to a fraction of target space supersymmetries they preserve.
